THE GALOIS CORRESPONDENCE FOR BRANCHED COVERING SPACES
AND ITS RELATIONSHIP TO HECKE ALGEBRAS

MATTHEW ONG'

ABSTRACT. There is a very beautiful correspondence between branched covers of the
Riemann spher®! and subgroups of the fundamental greugP! — {branch point}),

exactly analogous to the correspondence between subfields of an algebraic exgiision

and subgroups of the Galois groGlal(E/ F'). This paper explores the concept of a Hecke
algebra, which in this context is a generalization of the Galois group to the case of non-
Galois coversS/P!. Specifically, we show that the isomorphism type of a Hecke algebra
C[H\G/H] is completely determined by the decomposition of the induced charggter

and that the character of the homology representation of a Galois group generalizes to one
for Hecke algebras, the decomposition of which depends on certain double cosets in the
group corresponding to the Galois closure of the ca¥&p! .
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1. THE GALOIS CORRESPONDENCE FORCOVERING SURFACES

The basic reference for the material in this section is [9]. See also [3]. Throughout, we
let P! denote the Riemann sphere.

We first recall the notion of a covering surface. Given two topological surfAcasd
Y, we say that” is a covering surface oX if there exists a continuous surjective map
from Y to X, and each point itX has a neighborhood such thap—!(V) breaks up into
a disjoint union of open sets, each of which is homeomorphic¢ tonderp. Intuitively, p
“wraps”Y onto X, as one can see in the case whRfecovers the torus upon moding out
byZ x Z.

We shall consider covering surfaces which have the additional property of being
alytic manifolds or Riemann surfacesThis means that each point on the surface has a
neighborhood conformally equivalent to the complex disk (see [9], Ch. 19 or [8], Ch. 1).

 Author’s research supported by NSF Grant #DMS-0097804
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2 GALOIS CORRESPONDENCEBRANCHED COVERINGS, AND HECKE ALGEBRAS

We also insist that our covers be compact and connected (and thus finite-sheeted), so that
we have only a finite number eémification pointsor points where the local coordinate

map is given byf = z¢g(z), whereg(z) is analytic and non-vanishing at the origin, and

e > 1. When such a Riemann surfatecovers another Riemann surfagevia p, the

images of the ramification points undeare called thdranch pointsof X .

For these so-calledranched coverd” 2 X, let B be the set of branch points and let
X°=Xg = X — B denote the punctured surface obtained by removing the branch points
from X and letY® = p~!(X°). One can fix base pointgy € X° andy, € Y°, and
define a group action of, (X°, o) on the pre-image of (called thefiber of x), simply
by lifting a loop~ in 71 (X°, o) to the various paths which begin and end on the points
of the fiber ofx, (see, e.g., [14]). In the case pbrmal or Galois covers, this action is
transitive onp~!(z), and the action can be extended to a full covering transformation of
Y/X. This group of covering transformations is called talois group ofY/ X, and is
denotedGal(Y/X).

Now the motivation for dressing these terms in the language of Galois theory is the
following:

Proposition 1 (Galois Correspondencel.et X be a compact connected Riemann surface,
B c X afinite setXp = X — B, X5 the universal cover ok 3, and fix base points,

Xg andzg € X\g. Then there is an inclusion-reversing bijection between the subgroups of
finite index inm (X5, z) and (topological equivalence classes of) the compact, branched
coversP : Y — X with branch set inB such that:
e For each subgroup of finite indgX C 71 (X, zo) there is a unique (up to topo-
logical equivalence) covering spagg : Y5 — X3 lying betweenXy andf(g,
such that for anyy € py' (20), m1(Ye, ym) = H. Moreoverpy : Y5 — X5
may be completed to a compact coverjng : Yy — X, branched over B.
e Conversely, for each compact, connected, branched coverifig — X whose
branch points lie il3 andy € p~*(x), 71 (Y°,y) is isomorphic to a subgroup H
of 7T1(X%, l‘o), andY = Yy.
e Furthermore, Galois covel$/X correspond exactly to normal subgroufysof
m1 (X%, zo), for some setB, in which caseGal(Y/X) ~ m (X3, zo)/N and
X 2Y/N.

This inclusion-reversing bijection is similar to that seen in classical Galois theory, where
one has a (finite) extension of field®/F', and one speaks of a correspondence between
the subgroups oE-automorphisms which fi¥" and the various intermediate fields be-
tween E and F. In fact one can interpret the above proposition in terms of field the-
ory by viewing Riemann surfaces as the zero-set of irreducible bi-variate polynomials
f(Z,W) e C[Z, W], in which case the intermediate covers become finite extensions of the
function fieldC(z), and the covering transformations become field automorphisms which
permute the roots of (z, W), for any fixedz € C. See [12] or [8] for more details.

Just as in classical Galois theory, this topological Galois correspondence proves to be
a valuable tool for understanding a lattice of covering spaces because one is working with
concrete groups. Though for genetdl X, 1 (Y°,y) is infinite, one need only look at
its finite homomaorphic images to fully understand the groups of covering transformations
associated with its finite-sheeted covering spaces. Indeed for these spaces, at all but finitely
many pointszy of X, G = Gal(Y/X) permutes simply transitively the fiber af. On
these fibers the left action ¢f is the same as the left regular representatio of his is
a consequence of the fact that all but finitely many pointXiare unramified (recall that
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we assumé&” is compact, so this is forced). At the branch poi@tshere are non-trivial
cyclic stabilizers for all the ramified point8; above( (see [1]). The number and order
of these stabilizers play a significant role in determining the structuté a$ well as the
homology representation ¢f (see Section 5).

2. HECKE ALGEBRAS AND SOME OF THEIRBASIC PROPERTIES

The above discussion should indicate that the optimal covering §pa&eone could
hope for is a Galois one. In this case one has complete Galois correspondence between the
subgroups of7al(Y/X) and the intermediate covers betwéémnd X .

Unfortunately, not all covers are Galois. The goal of this section is to describe a gener-
alization of the Galois group to the case of arbitrary covers, not necessarily Galois. This
generalization, known as a Hecke algebra, allows one to recover much of the geometric
information aboufy. It also possesses a representation theory which generalizes that for
Galois groups.

For the basic definitions and structure theorems concerning algebras, see [5] or [6].

For a finite group, andH a subgroup of, one defines thelecke algebra of G with
respect to Ho be the subalgebf@[H\ G/ H] of C[G] with basis elements the double coset
averages

1
1) €EH = 7 h,
P
where they € D are selected to give the partition Gfin to double cosets:
G = HyH.
geD

For the proof thaC[H\ G/ H] forms a subalgebra @[G], see [3].

One should begin by observing that the Hecke basis elenagntsy * e correspond
naturally to the double cosefdgH C G. Thus the dimension dE[H\G/H] is exactly
the number of/-double cosets id7. Further, we can viewd gH (as well as<ggey) as
the H-orbit of the cosey H, whereH acts onGG/H by left multiplication. That is,

) HgH = {hgH|h € H} = | | g:H,
=1
for somes elementsy; forming a left transversal off in HgH. The analogous equation
in the group algebra is the decomposition of a Hecke double coset average into a linear
combination of coset averages:

1
3) €EHYEH = Z S9icH;

i=1

where the normalization factdr/s appears because under the trivial representation both
sides are 1.

Under this decomposition, the multiplication of two Hecke basis elements can be com-
puted as follows. Since

S
1
€EHYeEH = E ;giGH
i=1
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then for any other Hecke basis elementje,
4 (emgen)(engen) = (eng)(engen)

S 1 ~
= Z geHggiﬁH
=1
= Z %QEHQGH
geEH/GH
wheres, = |{i : jg; € HgH}|,andH = J, g;H.

With this description, we can give the following interpretation to the Hecke algebra.
Suppose we have some representatid@i[6f] on a finite dimensional vector spake The
subspacé’ ! of H-invariants is just V. WhenH < G, we get a representation 6f/ H
onegV simply by left multiplication. Wherf{ is not normal inGG, however, this action is
not well-defined. But we can still enlarge tfig-action oney V' via C[H\G/H]. To see
that the action ofC[H\G/H] by left multiplication stabilizes V', simply observe that
for any Hecke basis elemesy; gey,

(engen)(enV) =
(ernger)V
(emgem)V
(eug)(enV)
which is invariant undef sinceheygeyV = eggegV,Vh € H. HenceC[H\G/H]
stabilizeseg V.
More specifically, for anggv € egV, eggegegv = eggegv represents thél g H-
orbit of v. The multiplication of two Hecke basis elementsge; andey gey corresponds
to the permutation action @gf on the H-orbits partitioningH g Hv.

Example 1.

Here is an example of the above statements. Consider the 3-dimensional Hecke algebra
determined byG = Do g5 = (z,y|z? = y® = 1,zyz~! = y*) andH = D,. There are
three double coset averagesg,ley, eggi€n, andeggo€ey, for somegy,go € G. One of
the double cosets has size 8, yielding sayy €, while the other two have siZéf| = 4.
Below is the table of structure constants for the basis elemeite ;7

1|91 92
1/0|1]0
g | 12| 0 [1/2
g2 0 1 0

Each row of the table indicates whergg; ey sends thei-cosets averages in the cor-
responding double coset average. For instance, the values in the middle row indicate that
eggieg sends ondi-coset average ofy giey into ey, the other intcey goey. The top
and bottom row indicate thaty g,y sends the remainingf-coset averagesy ley and
EHG2€EH back int06H91€H.

Perhaps the most important property of a Hecke alg€pra\G/ H] is that it issemi-
simple That is, any representatignof C[H\G/H| can be decomposed into a direct sum
of irreducible ones. This follows from the semi-simplicity of the group algebra (see [5],Ch.
5).
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3. ELEMENTS OFREPRESENTATIONTHEORY

This section outlines two important concepts in representation theory, that of induced
representations and Frobenius Reciprocity.

First recall that for any representatiprof C[G] on a vector spac¥, and any subgroup
H in G, we get a representation &f[H]| on V' by restriction. We usually denote this
restricted representation y; when the ambient grou@ is understood from the context.

We would now like to go the other direction, that is, given a representdtiohC|[H |
on W, we would like to get a representation©fG] on some spac¥ associated withiV'.
To do so, take any s€y, } of forming a left transversal foi in G. Then form the vector

space
ve @
oceG/H

whereW?9- is the vector space isomorphic B consisting of elements of the forgy -
w,w € W. One can think of/79- as just another copy d# with elements “labelled” by
9o -

We letC[G] act on V as follows: foy € G, andg, € T, write g - g, = g-hg, ,, fOr
some uniquey, . € H. Then letg act onV by

g-V= @ (hgr - W)
Te€G/H
which maps/ to V.

It is easy to check that this is a well-defined action independent of the choice of coset
representatives (see [10]).

Another, more sophisticated way of viewing induced representations (which will be
adopted later in this report), is in terms of tensor products. For the definition and proper-
ties of tensor products, see [6] or [5]. The tensor product allows us to view the induced
representation of [H] on W just as a change of rings, or an “extension of scalars.” Ac-
cording to the theory of tensor products, given a sub¥ingf .S, and a leftR-module M,
we can construct a leff-module extendingl/ via S @, M. In our caseR = C[H],

S = C[G], andM = W. Hencey” = C[G] Q¢ W-

Perhaps the simplest example of induced representatiaffs the induced representa-
tion of the trivial representation dfi[H]. Here we simply get the permutation action(éf
on the H-coset space.

Induced representations are useful ways of constructing representatiGh& pgiven
ones onC[H]. Usually we would like to know how“ decomposes int6-irreducibles.

Such knowledge can be obtained by the following (see [6]):

Proposition 2 (Change of Rings FormulalLet R C S be rings,A an (S, R) bi-module,
B aleft.S module, and” a left R-module. Then

(5) Homs(A®g C, B) = Homg(C, B|g).

With H a subgroup o6z, letting R = C[H], S = A = C[G], C aC[H]-representation,
and B a C[G]-representation, this result reduces to the following:

Corollary 1 (Frobenius Reciprocity)
(6) Homg(e(CY, B) = Homem) (C, Blegm)-

Or, letting x,x“, and¢ be the corresponding characters, we have:
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Corollary 2.
(7) o) = (X% d)a.

Here( , )¢ denotes the inner product of characters aver

4. CLASSIFYING HECKE ALGEBRAS FORLOW GENUS COVERS

The goal of this section is to describe a simple means of determining whether two
Hecke algebras are isomorphic, and an application of this method to classifying the Hecke
algebras associated to the Galois groups for low genus branched covering spaces of the
sphere.

We first use the following description of Hecke algebras:

Proposition 3. Letey = 7 >y b ThenClH\G/H] = Homgg) (15, 15;), where
1% is the induced representation of the trivial representatiof/ on

Proof: We have by Lemma 3.19 in [S]th@{ H\ G/ H] = Homc ) (C[Glen, C[Glen),
whereC[H\G/ H] acts on itself via right multiplication. Sineg; is the projection o[ H]|
onto the trivial representatioty;, ey C[H] = 1. Then

1%

15 Clq] ®(C[H] enC[H]
ClGlen ®C[H] ClH]

C[G]Q{

Il

where the last equality is a basis property of tensor prodiicts.

The above equality gives a simple way to classify Hecke algebras up to isomorphism.
Recall from section Il that Hecke algebras are semi-simple, so that they can be decomposed
into direct sums of simple algebras, where the decomposition is unique up to isomorphism.
Therefore to determine the isomorphism structure of a Hecke algebras, it suffices to know
the number and type of these simple algebras. Such data is given by the following:

Proposition 4.
(8) Homc[G](ngg) = @Mnixni
i=1

wherem is the number of distinat-irreducible representations appearing §p, andn;
is the multiplicity of thei’th irreducible representation it§;. M, ., is the algebra of
n; X n; matrices ovefC.

Proof: This is just a simple consequence of Schur’s lemma:

C i=j
Homc[G](%ﬂ/Jj)g{ 0 2795

for 1;,; G-irreducibles. Write
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with {1;} the G-irreducible representations. Then using the fact that the
Hom(-,—) functor commutes with direct sums in both the first and second variables, and
applying Schur’s lemma, we get the reslilt.
Since for anyG-character) and irreduciblez-charactely, (¢, x) is the multiplicity of
x in v, we have:

Corollary 3. The Hecke algebr&[H\G/H] is classified up to isomorphism by the data
{(1%,x)}. Thatis,C[H\G/H] splits up into a direct sum df-matrix algebras, one for
each irreduciblér-charactery which appears in$;, whose dimension is equal {0%, x).

By Frobenius Reciprocity, we may recast the above inner product as

1%, X)¢ = (lu, xm)n
and so we have an easy way of decomposffg
As an illustration, we list the number of isomorphism classes of Hecke algebras asso-
ciated to Galois group&al(Y/X), whereY/X is a branched covering of the sphere of
genus 2 or 3, distinct up to topological equivalence. This data comes from [1], and was
processed using the MAGMA scrigecomp_1. which may be found at the script archive
[4].

Dimension| Genus 2| Genus 3
2 3 5
3 4 5
4 6 5
5 2 2
6 2 8
7 1 3
8 3 7
9 0 1
10 1 1
11 0 0
12 4 6
13 1 0
14 0 2
15 0 1
16 1 11
20 0 1
21 0 1
24 3 4
32 0 2
44 0 1
48 1 2
96 0 1
168 0 1

5. THE GENERALIZED HOMOLOGY TRACE FORMULA

This section gives a generalization of the homology trace formula for branched covers
of the sphere to the case of non-Galois covers.

For the definitions and basic properties of homology groups, see [3],[9],0r [13].

Suppose we have a Galois branched cdvép! of the spherep-sheeted, with branch
points@)q, . .. Q;. Without loss of generality we may assume the branch points all lie along



8 GALOIS CORRESPONDENCEBRANCHED COVERINGS, AND HECKE ALGEBRAS

the equator of the sphere, since we simply wish to connect the vertices by edges so that
they divide the sphere into two faces. For a finite number of vertices this can always be
done. So connecting consecutive branch points along the equator byiédgesE;, we
cover the sphere with twogonsF; and F», one on the upper hemisphere, the other on
the lower hemisphere. Sindé covers all points oP! evenly save the branch points, each
edgeF; and faceF; lifts to n distinct edges (faces, respectively) ¥ wheren is the
degree of the cover. The lifted edges/faces correspond to an éhtrbit of edges/faces
in Y, whereG = Gal(Y/P'). We have fewer vertices lying above the branch points
because of ramification. Each branch pdihtpossesses some non-trivial cyclic stabilizer
{¢;) C Gal(Y/P'). Hence the vertices lying abové correspond to the cosets/(c;),
sinceG acts transitively on the vertices (Orbit-Stabilizer Theorem). Let us call such atiling
on P! or the tiling onY or constructed from a branched cover an “equatorial tiling”. Not
that the cover need not be Galois to construct an equatorial tiling.

We may now consider the action 6f on Hy(Y'), H;(Y'), andHy(Y), the homology
spaces spanned by the faces, edges, and vertices, respectively, of the abov&' tilotg.
as a group of covering transformations, so it takes faces to faces, edges to edges, etc. This
action yieldshomology representationsf &, which can be used to distinguish distinct
group actions ofG on various branched covers. In particular, we are interested in the
homology representation @ on H;(Y). In fact, we have the following formula for

XHi(Y)*

t
9) Xty (s) =2po+ (t=2)p+ Y _ pi
i=1
wherep is the regular representation Gf p, the trivial representation, angd the induced
representation of the trivial representation{(o}, with (c;) defined above. A proof of this
result can be found in [2].

We shall give a generalization of this formula to the case whgR is not Galois. To
do so, we shall trace through the proof of the above formula, making modifications to it to
include the case of non-Galois covers.

We shall first need to recall the notion of an Euler-Poigcarap. The following ex-
position comes from [11]. Suppose we have a majpom the category of2-modules
to an abelian grouf’, such thaty(0) = 0, and such that for any exact sequenceRef
modules) — L — M — N — 0, we havep(M) = ¢(L) + ¢(IN). Theng is called an
Euler-Poincaé map

One example of an Euler-Poinéamap is the map which counts the dimension of a
finite dimensional vector space. If we have a surjective linear transform&tfoom V' to
w,

0—kerT -V —->W —=0

is exact, andp(V) = dim(V) = ¢(ker T) + ¢(W) = dim(ker T) + dim(Im T) by
linear algebra.

We now consider a complek of R-modules such that almost dll; = 0. Then one
can easily prove the following, based on the definitiorof

Proposition 5. Let E = {E;} be a complex defined as above. Then
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This proposition allows us to transfer our knowledge of the valuesaf the complex
E to its values on the associated homology groups, or vice versa. For instance, if we
are given a triangulation, or more generally a tiling by simply-connected polygons, of a
connected surfac#, we can letC; be theC-vector space of 2-chains spanned by the faces
of this triangulationC; the space spanned by the edges, @dthe space spanned by the
vertices. By algebraic topology, we get a complewnf chain space$C;} associated t®,

-0 .. OHCQ—>C1—>C0—>O

with 0 the so-calledoundary operatarThen again by algebraic topology, when we con-
sider the associated homology groups, we hAye= 0, ¢ > 3, H, = Hy = C, and
H, = C?7, whereo is the genus of. Then applying the map which counts the dimen-
sion of the space§);, H;, we get

> (—1)'¢(H,) 1-20+1

i

= ZH)%(C»

#(Ca) — ¢(C1) + ¢(Co)
— F-E+4V

which is the familiar identity of Euler.

In our case, we have a tiling of the sphere given by an-sheeted branched cover
S/PL. We let E be the complex of chain spaces associated to this tiling, sa’that 0,
i > 3, Cy is the space spanned by the faces of the tilifig,the space spanned by the
edges, and’, the space spanned by the vertices.

SinceS/P! is not in general Galois, we must first construct a Galois covet which
is Galois oveiP!. To this end, let3 denote the set of branch points®fP! and then take
the covery’® — P! — B corresponding to the subgrody(S°, o), whereA(S°, sq) is the
coreof m1(S°, s) in 71 (P* — B, x), defined by

A(S°,s0) = ﬂ gm1(S°,s0)g~ "

gem (P —B,xzo)

One can easily check that this is the largest normal subgroup(Bf — B, x() contained
in 71(S°, s50), and thatA(S°, sg) is of finite index in7; (P! — B, ). Hence by Galois
correspondence the closWrgP! of the associated covéi° /(P! — B) is the Galois cover
of S/P1L.

Then lettingG = Gal(Y/P'), H = Gal(Y/S), we can consider the action of the Hecke
algebraC[H\G/H] on the chain spaces;(.S), along with their associated homology
groupsH;(S), as follows: First, define the equatorial tilings 8rand ther” by an iterated
lifting of the base equatorial tilings di'. For anyC;(S), we have the natural projection
p. of C;(Y) ontoC;(S) via the projectiort” % S. So, for anyy € C;(S), letexgey act
on~ by

engen © = px(engen?y)
where? is any lift of v. This is well-defined sincg,. (7)=p.(8) if and only if ;7 = ed.
To see this, suppose th@ﬁ =egd. Then,

heH heH
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by the H-invariance ofp,. It follows that p,(eg¥y) = p«(exd). Now suppose that

P« (7)=p«(d) We may writee ;4 uniquely as

(10) eH:Y = aleHﬁl +- a‘SEHBS7
where theH (1, . . ., H/3, are theH-orbits of thei-cells of Y. It follows that
(11) pe(er) = a1ps(Br) + - + aspe(By).

If p.(7)=ps(d), then it follows thate;; 0 has the same expansion @s7 in (11), since
{p«(31),...,p«(Bs)} is a basis foIC;(S). Note that the above argument shows that
enCi(Y) — C;(S) is an isomorphism.

In the case of’,(S) or C;(S), we may reinterpret this action as follows: sincgP!
is Galois,G permutes simply transitively the lifts of all the faces (or edge$)'inHence
we may relabel all these lifts by their corresponding group elements ifihen the pro-
jection mapp amounts to just left multiplying by the idempotetyy, and the action of
C[H\G/H] onC;(S) fori = 1,2 is just the action oC[H\G/H] on the rightH cosets
errg. Since these right cosets form t8¢5]-modulee ; C[G], C[H\G/ H] acts ore g C[G]
by left multiplication. ThenC[H\G/H] simply acts on the left as the algebra@fG]
endomorphisms ofy C[G]. From the discussion in Proposition 3, this action is equivalent
to the action ofC[H\G/H] on itself via left multiplication.

Note that for a Galois cove¥/P! this left regular representation reduces to just the left
regular representation of the Galois grabpH .

Now noting that aC[H\G/H]-modules,C>(S) decomposes into a direct sum of two
isomorphic subspaces (one for the upper tile, the other for the lower)'af) decom-
poses into a direct sum @fisomorphic subspaces (one for each edge), then along with
Corollary 1, we have

Proposition 6. The homology representations 6fH\G/H] on C3(S) andCy(S) are
given by

* Xcus) =D P

* Xei(s) = Dii

whereg is the left regular representation @ H\G/H| on itself.

The homology representation & H\G/H] on Cy(S) is a bit trickier. HereG does
not act simply transitively on the vertices of the tiling, since the stabilizers of the branch
points{P;} are non-trivial cyclic subgroup&:;). So instead of substituting any element
of G for 4, we must substitute left coseggc;), for fixed ¢;. Then we get an action of
C[H\G/H] on the double cosets; ge(c,).

To reinterpret this action, we need the following result from representation theory

Theorem 1(Mackey) Let H,K be subgroups off, andW aC[H]-representation. Then
12) (WK = @(WHth)K7

teT
whereT is any set of H, K') double coset representatives, aftl= tHt 1.

In our case, withH = C[H\G/H], we are interested in th&{-representation on
egC[Gle(,y. Or, sinceeyC[H] = C[H]ey = eg, this representation is equivalent to
H ®(C[H] C[G]E(Cﬁ.

Since’H can be considered ag®, H) bi-module, for any irreduciblé{-representation
¢ we can apply the change of rings formula to get:

HomH('H ®(C[H] (C[G]G(Ci),qﬁ) = HomC[H] (C[G]€<Ci),¢|C[H]).
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Since as &[H]-module,C[Ge(.,) = ((1(.,))“)n We can apply Frobenius Reciprocity to
get:

(XH@emClGleeyy+ @) = (L)) m, dm)
Applying Mackey’s Theorem to the last expression yields:

Proposition 7. Let¢;, H, G, and¢ be as abovel” any set of {,(c;))-double coset repre-
sentatives. Then

((Le)Dmom) = Y Ay enrnn) ™ dm)
teT
= S eynm)™ 6m)
teT
= D ((Leyrnm)s ey eynm
teT

The last two lines are by transitivity of restriction and Frobenius Reciprocity.

This characterizes the action&f on the ramification points over a single branch point
P;. Then the representation #f on Cy(S) breaks up into a direct sum oBubrepresenta-
tions, each acting on the fiber of sofRgin Y (or equivalently} acts ore ; C[Gle.,) ), i =
1,...t. Since for compact connected Riemann surfaégsS) = Hy(S) = C, soH acts
trivially on these spaces. Then using the fact that the trace of a Hecke algebra element is
an Euler-Poincd& map, we get

(p+p)— ZP (Zﬁi):ﬁo—m(s)"'ﬁo

wherepy is the trivial representation ¢f on itself, g is the regular representation, afd
is the action ofH onegz C[Gle(,)-
Expressing the above characters in term&afharacters, we get

Proposition 8. The homology representation of the Hecke algeBt&a \G/H| decom-
poses as

(13) xaS) = 200+ (t-2) > (619X

+ Z Z (Z(<(1<Ci>th)’¢<Ci>tﬂH>¢>

i=1 | ¢eX(G) \a€T;

whereT; is any set of (H, (c;))-double coset representatives, akid) is the set of irre-
ducibleG-characters.

This establishes the general homology formula. Note that for Galois cdvets,G,
and we get back equation (9).

6. QUESTIONS

There is one immediate question which presents itself for investigation. It regards
bounding the dimension of a Hecke algeltidl \ G/ H] in terms of the genus of the cov-
ering space and some independent constant. In the case of Galois covers, we have the
familiar Hurwitz boundon the size of the Galois group, given by
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(14) |G| < 84(c —1)

for surfaces witho > 1.

For non-Galois covers, the dimension @fH\G/H] is just the number of H, H)
double cosets id:. As Ellenberg remarks in [7], it would be interesting to see if a similar
such bound existed for general branched covers, i.e., if there were a constdependent
of G and H such that

(15) dim(C[H\G/H]) < y(o — 1)
for surfaces withr > 1.

dim(C[H\G/H]) < v(c — 1). We note that such a question could be amenable to
computational exploration using a program such as MAGMA.
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