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Abstract

A tiling is a covering by polygons, without gaps or overlapping, of
a compact, orientable surface. We are particularly interested in tilings
by triangles that generate a large symmetry group of the surface. An
oval of the tiling is a simple, closed curve that is a union of edges of
the tiling. We investigate the number of points of intersection of two
ovals. We have found that the number of intersections is bounded
when the subgroup of orientation preserving symmetries is abelian.
However, there is no upper bound on the number of intersections in
the non-abelian case.

1 Introduction

Let S be a compact, orientable surface of genus %. Suppose that S has been
covered by a pattern of polygons, as in the pattern of triangles on the sphere
in Figure 1 and the torus in Figure 2. For this paper, a tiling is a covering by
congruent triangles, called tiles, without gaps or overlapping, of a compact,
orientable surface.

Select an edge e on a tile from Figure 1 or Figure 2. Now e continues
through its endpoint to connect with a unique edge e’, belonging to another
tile, to form C =e [ e'; a smooth, simple curve (no angle where e and ¢’ join).
If we continue to adjoin edges to C in this manner we obtain a union of edges
which is a smooth simple, closed curve. Let us call such a curve an oval and
denote it by O, since it is determined by e:
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Figure 1. Tiling of Triangles on a Sphere

Figure 2. Tiling of Triangles on a Torus

Notice in Figure 1, that the tiles joined along an edge are mirror refections
of each other across the edge. The same is true for some of the tiles in Figure
2 and would be true for all tiles if the surface were a metric such that it has
constant curvature. We shall assume that all our surfaces have metrics giving
them constant curvature. Recall that for such surfaces, a refection re in an
edge e of a tile is an orientation preserving isometry of the surface S that
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..Xes the edge e: The mirror of the retection is fx 2 S : re(X) = xg which
is a ..nite set of geodesic curves containing e: Each of the closed geodesic
curves in the mirror is called an oval. We put the above observations into a
de...nition.

De..nition 1 A tiling is called a geodesic, kaleidoscopic tiling if it meets the
following conditions.

2 Two tiles meeting each other in an edge are mirror images of each other
In the edge, i.e., each edge e in the tiling determines a refection r, of
the entire surface which ..xes e pointwise (kaleidoscopic property).

2 The mirror, TX 2 S : re(X) = xg; of each such retection r, is a union
of edges of the tiling (geodesic property).

Retections preserve geometric structure, such as geodesics, distances, an-
gles, and area. Notice that in the tiling on the sphere, the ovals always inter-
sect at exactly two vertices. The tiling on the torus exhibits instances where
two ovals only intersect at one vertex and some at two vertices. This paper
investigates the intersections of two ovals in triangular tilings on surfaces of
genus ¥% _ 2. We will prove results for both abelian and non-abelian tiling
groups, along with an investigation of oval intersection patterns.

Acknowledgments The author would like to thank Barry Balof (Colorado
College), S. Allen Broughton (Rose-Hulman Institute of Technology), and
Eric Farmer (Kansas State University) for useful conversations and sugges-
tions during the NSF-REU program at Rose-Hulman where the research was
carried out. Group theoretic experimentation and computations were done
using the MAGMA software package [1].

2 The Tiling Group of S

If we have a kaleidoscopic tiling, we select a tile Ty, called the master tile
(Figure 3), and denote the sides of our master tile by p;q; and r which also
denote the corresponding refections in the sides of To. The vertices opposite
p;q; and r we label P;Q; and R, respectively as in Figure 3. Since each
of p;qg; and r is an isometry, the refections generate a group of isometries
G" =hp; q;ri; called the tiling group of S.
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Figure 3. Master Tile with Generators of G°

Remark 1 There may be isometries of S that preserve the tiling but are not
contained in G®: This will only happen if there are symmetries of S that map
the master tile back to itself. Since the term *“symmetry group” of an object
usually refers to the totality of self-transformations of the object preserving
the given structure; the use of the term symmetry group to describe G” would
be misleading in this case. Therefore, we use the term tiling group.

The product a = pq, which ..xes the vertex R, is a counter-clockwise
rotation through % radians, where | is half the number of triangles sur-
rounding R. Similarly b = qr and ¢ = rp, which .x P and Q respectively,
are counter-clockwise rotations through % and % radians. This triangle will
have angles l/T %%‘ (for some integers I;m;n). We call such a triangle an
(I; m; n)-triangle. It follows that the order of the elements a;b; ¢ are exactly
of order I; m; n respectively:

o(@) =1; o(b) =m; o(c) =n: D

Since p;q; and r are refections then p> = g2 = r?2 = 1 and hence abc =
paqrrp = 1; leading to our second basic relation:

abc = 1 @3]

The conjugation action of g on a and b induces an automorphism p which
maps the generators a and b to their inverses:

@ =at’; pb) =bh: ©)
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To see this we observe that:

u@ = gqitag=q(pg)g=gp=qi'pi*=ai’ and
u@ = qi'bg=q(@r)g=rq=rilgit =pik

Since q is a refection; y is an involutary automorphism, i.e., g% = 1.
Let G be the subgroup of orientation preserving elements G”; we will call
G the (orientation preserving) tiling group or OP tiling group generated by
the tiling. It is easily proven that G is of index 2 in G; that G = ha; b;ci =
ha;bi; and G® = hui n G: The relationship between the order of G and the
genus % is given by the Riemann-Hurwitz equation [2]:
2% § 2 1 1

=1i G+ ) @

If G is an arbitrary ..nite group and a triple (a;b; c) from G generates all of
G and satis..es (1) and (2), we call it an generating (I; m;n) j triple of G.
Note that the automorphism 1 is unique if it exists since G = ha; bi : It turns
out that the conditions (1) - (4) above are also su¢cient to generate a tiling
as follows.

Proposition 1 Let (a;b;c) be a generating (I; m; n)-triple of the ..nite group
G; assume there exists an automorphism p of G which satis...es (3), and that
number % de..ned by (4) is an integer. Then, there is a surface S with a
geodesic, kaleidoscopic tiling by (I; m;n)-triangles and an action of G =
hui N G on S such that a;b;c and p = ay; g =y and r = yuc are the elements
derived from the master tile as above.

The proof is easily constructed from results in [5]. As a consequence we
immediately get.

Proposition 2 Every generating (I; m;n)-triple for an abelian OP tiling
group de..nes a tiling on a surface, provided that %; de..ned by the equation
(4), is an integer.

Proof. Let (a;b;c) be a generating (I; m;n)-triple for G. Consider the
mapping p(x) = xi! on G. It is elementary to show that p is an involutary
automorphism satisfying (3). B

Example 1 Let G = Z;, = hxi. Setting (a;b;c) = (x&; x3;x) and p(x) = xi?
we obtain a surface of % = 3 with a tiling by (3;4; 12)-triangles.



2.1 Parity, Edges, Vertices, Ovals, & Transitivity

We will need consider eight dicerent types of triangles depending on the
parity of I;m;n. For example, if | is odd, m is even, and n is even, we will
label this as the OEE case. The eight cases are: OOO, EEO, EOE, OEE,
OOE, OEO, EOO, and EEE. We choose to reduce the number of cases we
consider to OO0, EOE, OOE, and EEE because any other type of mixed case
can be derived by relabeling the sides of the triangles. The analysis breaks
into cases because any two refections in edges at an odd vertex are conjugate,
though this need not hold at even vertices. Furthermore, the pattern of edges
on an oval is determined by the parity pattern of (I; m; n): De...ne the integers
; 1; ©; depending on the parity of (I; m;n); by the following table.

E3

Table 1
Order odd even
I =2, +1 | =2,
m m=21+1 | m=21
n nN=2°+1| n=2°

In our calculations and derivations to follow we will be making much
use of the group action and labeling the vertices, edges and tiles by group
elements. Thus, we now discuss the orbits and stabilizers of G and G* on the
geometry of S: The group G® acts simply transitively on the triangles of the
tiling, thus for each tile T there exists a unique t 2 G* that maps the master
tile to T; i.e., tile T =tT,. Every vertex in the tiling is equivalent to exactly
one vertex on the master tile, because of simple transitivity. Hence we call a
vertex an R-type vertex if it is equivalent to R and similarly for P; Q. The
element a 2 G ..xes the vertex R, similarly b ..xes P and c ..xes Q. In fact,

Gr = stabg(R) =hai;

Gp = stabg(P) = hbi;

GQ = stabg(Q) =hci:
An edge e of a tile is G-equivalent to a unique edge of the master tile, again
by simple transitivity. We call an edge e a p;q or r-type edge accordingly.
The G-stabilizers of edges are trivial.

Ovals are a union of edges in the tiling. If we consider an oval O, such
that O \ Ty = e corresponds to one of the sides of Ty, then we denote the
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oval as one of Op; Oy; or O, as appropriate. Since every edge is equivalent
to an edge of the master tile then every oval in the tiling is equivalent to
an oval bordering the master tile, i.e., one of O,; Oy; or O,: Ovals can only
intersect at vertices, but there are several tiles around a single vertex. We
need to ..nd a convention so that every tile surrounding a vertex V will label
V the same. Consider a tile T =tTy (t 2 G ) and one of its vertices V of an
arbitrary type ' 2 fP; Q; Rg. If stabg(¥) = hvi, then the tiles containing V;
associated with elements in G: have the form tv'T,. We label V as the coset
thvi.

Since two ovals can only intersect at vertices of the tiling, it is convenient
to denote an oval by a set of vertices, O = V;V,;:::;V\0; derived from
the endpoints of edges making up the oval (even though the vertices do not
uniquely determine the oval). We de..ne the length of an oval to be the num-
ber of vertices in the oval, which equals the number of edges. For notational
purposes, we denote the length of the oval as kOk = #fVy;V,;:::;Vwg. The
number of intersections between two ovals is #(Ox\Oy).

2.2 Oval Patterns and Lengths

The group of cyclic rotations of an oval coming from G is called the rotational
group of O, denoted Rot(O). In Table 2 below for each of the ovals O; O,
and O, we have given a generator for Rot(O), the oval’s vertex pattern, and
the oval length in the four dicerent parity patterns OOO, OOE, EOE, and
EEE. We have denoted the generators of the rotational groups of the ovals
Op; Oq and Oy by hy; hy; and h, respectively. The vertex pattern describes
the cyclic pattern of vertices encountered in an oval as we move along the oval
in the positive direction speci..ed by the edge. Thus for O, the vertex R |s

always encountered ..rst, since we consider p to be the oriented segment I5 R
In column 4 of Table 2, the length of an oval is the number of vertices in the
vertex pattern multiplied by the order of h (Rot(O) = hhi). The elements h
were found by applying the general results in [3] and they may also be found
in [4].

From Table 2, we can easily derive the vertex labeling scheme shown in
detail in Table 3 at the end of the paper. For example, consider the oval O,
in the OOO case. As we move along O, in the direction of p from R to P we
encounter the following vertices R; a-**P; a-*'b**1Q; a- "™ *1c"* 'R = hyR;

a-"h 1" a-*1P = hya-*1P;:::; etc. This immediately gives the cosets in



Table 3.

Table 2
| Case | Rot(O) = hhi | Vertex Pattern | kOk |
000 | hy =a-"h ™! RPQ 3to(hp)
hy =b *c*ta-*1 PQR 3to(hg)
h, = c’*la-+*1p™+1 QRP 3to(h,)
OCE | h, =a-*h"*’c"b a-¢” | RPQPRQ 6¢o(hp)
hy =b™'c’b"a-c’a-"* | PQPRQR 6 ¢ o(hg)
hr =cba-ca-*'b""* | QPRQRP 6¢o(hy)
EOE | h,=a-c RQ 2¢0(hp)
hy=b""cba- PQPR 4to(hy)
hy =cba-b*! QPRP 4¢o(hy)
EEE | h, =a-c RQ 2¢0(hp)
h, =b"a- PR 2¢0(hy)
hy =D QP 2to(h,)

2.3 Quick Facts

Here we note some elementary observations about certain orientation pre-
serving tiling groups and parity patterns.

Lemma 1 Let G be an abelian OP tiling group. In the OOO case, kOyk =
kOrk = kOgk. In the EOE case, 2 ¢ kO,k = kO¢k = kOgKk.

Proof. Our result follows by Table 2, since a;b; and ¢ commute and hence
hp=hy=h,. m

Lemma 2 Suppose G is an OP tiling group of odd order. Then G can only
produce an OOO tiling.

Proof. A group of odd order cannot have an element of even order. B

Lemma 3 Suppose the OP tiling group G is the dihedral group G = Dg =
hr;f :rs =f2=1;rf = fréilj on a regular s-gon. Then G can only produce
an EOE, or EEE tiling.

Proof. We may write G = hri [ fhri. The elements in f hri all have order
2 so that odd order elements all belong to the cyclic subgroup hri: Since
G = ha; bi then the OOO and OOE cases are not possible since we get the
contradiction G = ha; bi phri. m



3 Bounds for Oval Intersections

We can determine every type of oval intersection by examining all the possible
ovals around the master tile. We note that because an oval is a simple, closed
curve, an oval can never intersect itself.

3.1 Abelian Tiling Groups

If we use an abelian tiling group to generate a tiling, we will see that the
length of an oval is bounded. We simplify our work by eliminating the pos-
sibility of an OOE tiling with an abelian tiling group.

Lemma 4 If G = ha;b;ci is an abelian OP tiling group with generating
triple (a;b;c) that satis..es (1) and (2), then we cannot have exactly one of
a; b; ¢ with even order.

Proof. We may assume that a;b have odd order and that c has even order.
Now, (ab)'™ = a/™b'™ = 1; so o(ab) must divide Im. Therefore o(ab) is odd,
hence o(c) = o((ab)') = n is odd, a contradiction. m

This lemma allows us to restrict our attention to the EEE, OOO, and
EOE cases for abelian tiling groups. Now we show that all oval lengths are
bounded for abelian tiling groups.

Lemma 5 If a tiling has an abelian OP tiling group G, then the length of
any oval in the tiling is 8.

Proof. By Lemma 4, we have the following cases: OOO, EOE, and EEE.
Case OOO: By Lemma 1, every oval has length kOk = 3¢ o(a-*b**1c"*1).
But (a-*1b**1c"*1)? = a2-*2p2**+2c2°*+2 = (@2-*1p? 12+ (abc) = 1 and so
a-*1h**1c°*! has order 1 or 2. But jGj is odd, since G is generated by odd
order elements. If follows that a-**b**1c°*! = 1 and, therefore, kOk = 3.

Case EOE: Since (a-c”)? = a2-¢** = 1; it follows from Lemma 1 that kOpk
4, and KOgk ; kKO/k 8.

Case EEE: We have already veri.ed kOpk 4. Similarly (a-b™)? = (b*c”)? =
1; and hence kOy4k; kOk 4 by Lemma 1. ®

With Lemmas 4 and 5, we can easily derive Theorem 1.



Theorem 1 The number of intersections between two ovals in a tiling with
an abelian tiling group is at most 8.

Proof. By Lemma 5, the length of any oval is at most 8, hence containing
at most 8 vertices. Therefore, two ovals can only intersect each other at most
8 times. W

Here is an example that illustrates Theorem 1.

Example 2 Let G = Z, be a tiling group where n _ 3 is odd, and set p(x) =
xil. Then, (x;x;x"12) is a generating (n; n; n) triple (gcd(n;n j 2) = 1) for
a tiling on a surface of genus % = ™. Since Jé%l = % = Jg% =1 there is
only one vertex of each type in the tiling. The length of all ovals is 3 and all
ovals have the same three vertices. Hence, every oval intersects every other

oval in exactly 3 vertices.

3.2 Non-Abelian Tiling Groups

The bound set forth by Theorem 1 need not hold for non-abelian tiling
groups. Theorem 2 will construct a sequence of non-abelian tiling groups
where the number of intersections between two ovals increases without bound.

Proposition 3 Let G = Z £ Ds = hwi £ hr; fi with o(w) =tand r; f as
de..ned above in Lemma 3. Assume that s and t are relatively prime and
t _ 3isodd. De..ne

a=(1;f); b=(w;r); c=WiLritf); and p(x;y) = (x*; fyf):

Then (a;b;c) is a generating (2; st; 2t)-triple, and p is an involutary auto-
morphism of G.

Proof. It is routine to show that y is an automorphism of G. We show that
L maps a; b to their inverses and that abc = 1.

u@ = u((Lf) = (LLFFF) = (LF) = (L F)il = ail;
ub) = p((w;r)) = wit; fre) = (wil;ril) = (w;r)it =bil;
abc = (LF)winWwihritf) = Awwit frritf) = (1;1) = 1:

Now as s and t are relatively prime, b generates a cyclic group of order st

containing both hwi £ hli and hli £hri: It follows that a and b generate G:
|
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Lemma 6 Let G, a;b;c; and p be de..ned above and suppose t _ 3 is odd
and gcd(s;t) = 1. Then, G is the OP tiling group for a (2; st; 2t)-tiling on a
surface with % = s(t'l) and oval lengths

kOpk = 2s and kOgk = kOk = 4:

Proof. By Proposition 2, there exists a (2; st; 2t) tiling on a surface with
genus % = L We compute the length of the ovals.

First note that o(@ =1=2,0(b) =m = st, o(c) = n = 2t. Obviously
I; n are always even. Therefore we have two possible cases: EEE, EOE. From
Table 2, we can compute the lengths of the ovals. In the calculations note
that rif = frii has order 2 so that (rif)! = rif and r% has order 2 when
S is even.
Case EEE: (s is even)

kOpk = 2to(a-c”) = 2¢o((L; F)(wit; (ritf)t) = 2¢o((1; Fri‘f))
= 2to((1;r)) =2s
kOk = 2to(a bl) =2¢t0((L; F)(WZ;rz) =2¢o((w?:frz)) =
= 2¢o(WE Fr¥)) =4
kO/k = 2to(b*c’) =2¢o((WZ;rz)(wit; (ritf)t) =2¢o(1;rzilf)) =4

Case EOE: (s is odd)

kOpk = 2s (same as above).
kOgk = 4to(b 'c’b a: ) —4¢o((w Nz (Wit (ritf))(w; r) = (1 F))
= 4to(Wtitr T ritfre f))—4¢0((1 r*zrilri®t)) =4
kO,k = 4to(b*a- b1+l °) —4¢o((w N2 (L F)(w; 1) (Wit (rith)Y)
= 4eo(WSTG I Fritef)) = 4
|

Lemma 7 Let G be de..ned as above and consider O; & O, both equivalent
to Op, then #(01\ O;) =s.

Proof. Let Vp(X);Vo(X); and Vr(X) denote the set of P;Q; and R-type
vertices in a set X.
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Case EEE: By Lemma 6, kOpk = 2s. Also by Table 2, O, is made up of
alternating Q and R-type vertices. Hence, #(Vo(Op)) = #(Vr(Op)) = s.
Since t _ 3, there are at least 6 ovals going through any Q-type vertex.
These are alternating O, and O,-type ovals. Therefore there are at least two
intersecting ovals that are equivalent to O,. Consider two ovals Og and OS

that are equivalent to O,. Since % = % = s, then there are exactly s
Q-type vertices in the entire tiling, hence #(O; \ O3) _ s. By Table 4 at
the end of the paper, we can see that for any Og; and OS that are equivalent
to O, the intersection Vr(O;) \ Vr(O}) = ;. Hence #(O, \ O}) = s.

Case EOE: This is similar to Case EEE. B

Theorem 2 There exists a sequence of non-abelian tiling groups where the
number of intersections between two ovals increases without bound.

Proof. Suppose Gs = Z; £ Ds where t is ..xed, odd and gcd(s;t) = 1.
By Lemmas 5, 6, and 7 we can construct a sequence of non-abelian tiling
groups TGsQ; such that for each Gg, there are two distinct ovals Orl, and Og;
that are equivalent to O,; and that intersect s times. Thereforeass ¥ 1,
#(og\og) 1 1. m

4 Owval Intersection Patterns

We want to look at all possible pairs of intersections of Ox \ Oy where Oy; Oy
are ovals that pass though a vertex V. on S. We can accomplish this by
assuming V is a vertex of the master tile, ..xing O and varying Oy; where
x and y are edges intersecting at V: We denote the sequence of intersections
between arbitrary ovals Oy; Oy around a vertex V with stabg(V) = hvi by
the k-tuple:

where
Wil ;
82 o(v) is odd

k= .
%D 1: o(v) is even

If Xx =y we replace #(Ox \ Oy) by the number of vertices of Oy:
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Remark 2 Pick v to rotate through the smallest possible angle (%; 2%; or 2
as appropriate). Then for any pair (Oy; Oy); hvi-equivalent to another pair
(Oxi; Oy); the list (#(Ox \ Oy), #(Ox \VOy), :::, #(Ox \ v°Wil0,)) is
simply a cyclic permutation of (#(Ox \ Oy), #(Ox \ VOys), :::, #(Ox \
veMil0)). Furthermore, ry(Ox) = Ox and ry(V!Oy) = vilOy; so #(Ox \
VI0y) = #(0Ox \viiOy): It follows then that we need only consider the range
on VI given above and pick the x and y from representatives of the hvi-
equivalence classes of ovals passing through V: When v has even order there
are two classes which may be taken to be the two edges of the tile meeting at
V: When v has odd order there is only one class. In either case we can get
all the information we need by considering Vyy; Vyxy and Vyy where x and y
are the two edges of the master tile meeting at V:

De...nition 2 Consider the master tile Ty and its bounding ovals O,; Og; and
O,. Then the intersection sequence is the set of the three vectors:

5 = (Rqq; Rgps Rpp); E = (Prr; Prg; Pgq); and 5 = (Qpp; Qpr; Qrr);

For notational convenience, we denote multiple intersection occurrences in
exponential notation. For example 2;2;2;2;2 is represented as 2°.

Example 3 Consider the tiling of (6;3;6)-triangles by G = Zg with the
generating triple (x; x*;x) on a surface of % = 2 with p(x) = xit. There are
four vertices, P;Q; and R; and a®P: The intersection sequence produced is:

R = (43,23, 2%); - (4%, 4%;4%); and 5 = (23,23, 4%)

We should note that depending on the parity of I;m;n we may record
some repeats within our list. However, using this method in determining
intersection patterns allows us to universally compare patterns on all tilings.

The ironic fact behind this analysis is that distinct tilings on distinct
surfaces produced by distinct groups may have similar intersection sequences.
For example, the triple (x*; x; x!1) is a generating (4; 16; 16) triple for Z;5 on
a surface with % = 6 which produces this intersection sequence:

R = (23,12, 22, - (28,18, 2;13;2;1%); and 5 = (2;1%,2;1%,18, 2%).

Also, (x*; x; x'9) is a generating (6; 24; 24) triple for Z,, on a surface of % = 10
which produces this intersection sequence:
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R = (23;13;23);5 = (22,12, 2;1%,2;1%,2;13); and
5 = (2;1%2;1%,2;13, 1% 212).

Both Z,¢ and Z,4 belong to a family of groups that produce similar” inter-
section sequences on dicerent surfaces. We can prove the following.

Proposition 4 If k is even and relatively prime to 5 and if Z4 = hxi then
(a;b; ) = (x*; x; x*i5) is generating (k; 4k; 4k) triple for a tiling on a surface
of genus % = 2k j 2 with u(x) = xi!; and intersection sequence:

R = (281528 B = @217 2199 B = (219517 2%

Proof. Obviously I = k; m = 4k; n = 4k are all even. Therefore , = X; 1 =

We compute the length of all oval types.

KOpk = 260((x*) (x¥%)2) = 2.¢ o(xBreil0k) = 2;
KOk = 2¢0((x*)2x%) = 2¢0(x*) = 2:
kOrk = 2¢ O(XZK(X4ki5)2k) =2¢ 0(X2k+8ki10k) =2

R Vertex. There are % Op-type ovals and % Oq-type ovals passing through
the R vertex. Each oval has length 2. Every Op-type oval will contain the
same R vertex (since we are rotating about the R vertex on Tp), and one
Q-type vertex. However, there is only 1 Q-type vertex in the entire tiling.
Also, every Og-type oval will contain the same R-type vertex, and one P-
type vertex. Again, there is only 1 P -type vertex in the entire tiling. Hence,
#(Oq \ a°0q) = 2; #(0Op\a°0p) = 2; and #(O4 \ a°0p) = 1, yielding this
partial intersection sequence:

R = (25:15:25)

P Vertex. There are 2k Oy and 2k O, ovals passing through the P vertex.
By Table 3, these ovals have these types of vertices:

14



2 for j =0;4;8;:::;2k j 4 : POy = fhai; hbig , M*1O, = fxhai ; hbig ,
bi*20, = fx?hai ;hbig , bI*30, = fx3hai ; hbig,
Therefore we produce this partial intersection sequence around the P
vertex.

B = (22122134

Q Vertex. There are 2k O, and 2k O, ovals passing through the Q vertex.
By Table 3, these ovals have these types of vertices:

2 forj =0;4;8;:::;2k j4: cdOp = fhai;hcig, 1O, = fx*i%hai ; heig,
20, = fx*il0hai; hcig , 30, = fx*il%hai ; hcig ,
Therefore we produce this partial intersection sequence around the Q
vertex.

B = (19)%1%2%
|

4.1 A conjecture and more examples

Producing examples of families of tilings with the similar oval intersection
patterns is not di¢cult but tedious. You will notice that in the following
conjecture and supporting examples the number of R; P; and Q-type vertices
is the same. Also each tiling has the same oval type lengths and the same
parity pattern.

Conjecture 1 Let G; = hay;by;cii; and G, = hay;by; coi be tiling groups
for two distinct tilings. Suppose that

G _ iGa) . JGu _ IGa) . 4 JCd _ IGa) .

jhagij  jhapij” jhbyij  jhbpij’ jheiij  jheaij’

and that suppose G; and G, have the same parity pattern, and the same
oval lengths. Then the oval intersection patterns in of the two tilings have
the same pattern, i.e., the intersection pattern at corresponding vertices are
cyclic repetitions of the same basic pattern.
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Here are some additional examples (without proof) of families of groups
that illustrate this predictable intersection sequence.

Example 4 Suppose that gcd(s;3) =1 and set G = Z3 £ Dg = hwi £hr; fi.
Then there is a (2;3s;6) tiling by G, on a surface of genus % = s with in-
volutary automorphism p(x;y) = (xit; fyf), and generating triple (a;b;c) =
((1; F); (w; r); (wil; ritf)): The tiling produces the following intersection se-
quences.

If s is odd:

5 = (4;2;2s);
5 = (2s;5%1;2;1;4; 2551;3;2%14; 3%):

If s is even:

R= (4,2;2s);
- ((4;2311)3:27: 4,27 i1);
= (2s;5%2%,4%):
Example 5 If k is odd, a (2;k;2k) tiling on a surface with % = %—1 by

Zy with u(x) = xi! and generators (x*;xXil;x) produces an intersection
sequence:

R= (4:2,2);
B = (433" 4 43",

Kil

5 = (2111 178, 2,17 4; 363y,

5 Further Questions
We conclude with these questions:

2 |s the bound established by Theorem 1 every achieved? Theorem 1
gives an upper bound on the number of oval intersections for abelian
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tiling groups. However, an example of a tiling that reaches that bound
has not been found. In fact, the highest observed number of intersec-
tionsis 4, e.g., G = Zg; (a;b;c) = (x*; x;x) and G = Z, £Z¢; (a;b;c) =
((x; 1); (x;y); (1;yi1)); both on a surface of genus % = 2.

2 |s there a construction that proves the result from Theorem 2 for non-
abelian tiling groups that produce an OOO, or OOE tiling?

2 |s there a characterization of groups that produce tilings where any two
distinct intersecting ovals intersect the same number of times? Earlier
we mentioned that any two distinct ovals on a sphere always intersect
twice. There are other examples where every two ovals intersect in
exactly the same number of points. Here is an example:

Example 6 Let G = A; (alternating group on 7 symbols) with generators
a=(12;3); b=1(17;6;54,3,2); ¢ =(3;4,56,7). If f =(1;,3)(4,7)(5;6),
then our automorphism is u(x) = fxf. There is a (3;7;5) tiling by G on a
surface with % = 409 such that any two distinct intersecting ovals meet in
exactly one point. The intersection pattern is given below. The 9’s represent
the intersection of an oval by itself.

R = (9:1,1,9,9;1);
E = (9;1;1;1;1;1;1;9;9; 1; 1; 1);
5 = (9;1;1;1;1;9;9;1;1):
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6 Tables

Table 3 -

Vertices of an Oval

Calculations are relative to the master tile: We use the generators hy; hg;
and h, de..ned in Table 2. In each case the integer w variesas 0 w  o(h):

| Case | Oval | Vertex Pattern |

Vertices

000 | O, RPQ hyhai ; h)a- "+ hbi ; hY'a-*'b™** hci
0, PQR AL Rbi ; AD™ T el ; Pivb™ c™ T hai
Or QRP h¥hci ; hyc”* hai ; h¥c"*a-** hbi
OOE | O, RPQPRQ hi'hai ; h)a-** hbi ; h¥a-*'b™** hci ; hiva-*b™**c” hbi ;
hia-"th™**c"b™ hai ; h)ya-*'b™**c"b a- hci
O | PQPRQR | hifibi; hgb " hici ; b Tc” i ; Figb'c”b" hai
h'b™*c”b™a- hci ; hi'b™ *c"b a-c” hai
O, | QPRQRP | h"hci;h"c hbi;hWc’b™hai; h¥c b a- hci
h¥c"b™a-c” hai ; hWc b a-c a-** hbi
ECE | O, RQ h hai ; h¥a- hci
0, PQPR | h"hbi; h"b™"Thci ; hWb™1c” hbi ; b Lc°b" hai
O, QPRP hWhei ; AWe” hbi ; e b™ hai ; N b a- hbi
EEE | O, RQ h hai ; h¥a- hci
0, PR hYhbi ; h"b™ hai
O, QP hWhei ; AW hbi

Table 4 - R-type vertices of O,

Let G = Zy £ Ds = hwi £ hr; fi where w' = 1 and hai = h(1;f)i =
(1, 7);(1; 1)g

Ol (LDhai  (Loha  (LAhi ...  (Lreibhai

O; (w;f)hai  (w;fr)hai (w;fri)hai ... (w;freit)hai
Oy (W% Dhai  (wir)hai  (w5rd)hai ... (w5 rtit)hai
Oy (W f)hai (W’ fr)hai (W* fr)hai ... (w%friit)hai
Of (W't hai (W'it;r)hai (w'il;rd)hai ... (w'it;reit)hai
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